Abstract. We consider the fuzzy job shop scheduling problem, which is a variant of the well-known job shop problem, with uncertainty in task durations that we model using fuzzy numbers. We propose a tabu search algorithm for minimising the expected makespan based on reversing arcs within critical blocks. We test the algorithm and then combine it with a genetic algorithm from the literature so we can observe the synergy effect, obtaining better results with the hybrid algorithm than with its components by separate. Finally we compare our hybrid algorithm with a memetic algorithm from the literature and show that even in similar times, our method is better in terms of expected makespan.
Introduction
Scheduling problems have formed an important body of research during the last decades as they are present in multiple applications in industry, finance and science [15] . Part of that research is focused on dealing with the uncertainty and vagueness pervading real-world situations [9] . Among the different ways of representing the uncertainty, fuzzy sets have emerged as a very interesting tool and have been extensively used in different manners, ranging from representing incomplete or vague states of information to using fuzzy priority rules with linguistic qualifiers or preference modelling [4] , [18] . In deterministic scheduling the complexity of problems such as shop problems means that practical approaches to solving them usually involve heuristic strategies: simulated annealing, genetic algorithms, local search, etc. [2] . Some attempts have been made to extend these heuristic methods to the case where uncertain durations are modelled via fuzzy intervals, among others: a genetic algorithm is hybridised with a local search procedure in In this paper, we intend to advance in the study of local search methods to solve the fuzzy job shop problem with expected makespan minimisation, denoted J|f uzz p i |E[C max ] according to the three field notation. We shall propose a new local search algorithm and see how it can be combined with a genetic algorithm to improve the quality of the best solutions found so far.
The Fuzzy Job Shop Scheduling Problem
The job shop scheduling problem, also denoted JSP, consists in scheduling a set of jobs {J 1 , . . . , J n } on a set of physical resources or machines {M 1 , . . . , M m }, subject to a set of constraints. There are precedence constraints, so each job J i , i = 1, . . . , n, consists of m tasks {θ i1 , . . . , θ im } to be sequentially scheduled. Also, there are capacity constraints, whereby each task θ ij requires the uninterrupted and exclusive use of one of the machines for its whole processing time. A feasible schedule is an allocation of starting times for each task such that all constraints hold. The objective is to find a schedule which is optimal according to some criterion, most commonly that the makespan is minimal.
Uncertain Durations
In real-life applications, it is often the case that the exact time it takes to process a task is not known in advance, and only some uncertain knowledge is available. Such knowledge can be modelled using a triangular fuzzy number or TFN, given by an interval [n 1 , n 3 ] of possible values and a modal value n 2 in it. For a TFN N , denoted N = (n 1 , n 2 , n 3 ), the membership function takes the following triangular shape:
In the job shop, we essentially need two operations on fuzzy numbers, the sum and the maximum. These are obtained by extending the corresponding operations on real numbers using the Extension Principle. However, computing the resulting expression is cumbersome, if not intractable. For the sake of simplicity and tractability of numerical calculations, we follow [5] and approximate the results of these operations, evaluating the operation only on the three defining points of each TFN. It turns out that for any pair of TFNs M and N , the approximated sum M + N ≈ (m 1 + n 1 , m 2 + n 2 , m 3 + n 3 ) coincides with the actual sum of TFNs; this may not be the case for the maximum max(M, N ) ≈ (max(m 1 , n 1 ), max(m 2 , n 2 ), max(m 3 , n 3 )), although they have identical support and modal value.
The membership function of a fuzzy number can be interpreted as a possibility distribution on the real numbers. This allows to define its expected value [11] , given for a TFN N by E[N ] = 1 4 (n 1 + 2n 2 + n 3 ). It coincides with the neutral
